We use a modified pulsar current analysis to study magnetic field decay in radio pulsars. In our approach we analyse the flow, not along the spin period axis as has been performed in previous studies, but study the flow along the direction of growing characteristic age, τ = P/(2Ṗ ). We perform extensive tests of the method and find that in most of the cases it is able to uncover non-negligible magnetic field decay (more than a few tens of per cent during the studied range of ages) in normal radio pulsars for realistic initial properties of neutron stars. However, precise determination of the magnetic field decay timescale is not possible at present. The estimated timescale may differ by a factor of few for different sets of initial distributions of neutron star parameters. In addition, some combinations of initial distributions and/or selection effects can also mimic enhanced field decay. We apply our method to the observed sample of radio pulsars at distances < 10 kpc in the range of characteristic ages 8 × 10 4 < τ < 10 6 years where, according to our study, selection effects are minimized. By analysing pulsars in the Parkes Multibeam and Swinburne surveys we find that, in this range, the field decays roughly by a factor of two. With an exponential fit this corresponds to the decay time scale ∼ 4 × 10 5 yrs. With larger statistics and better knowledge of the initial distribution of spin periods and magnetic field strength, this method can be a powerful tool to probe magnetic field decay in neutron stars.
INTRODUCTION
The pulsar current analysis is a known method to study the evolution of radio pulsars. It was originally proposed and applied by Vivekanand & Narayan (1981) and Phinney & Blandford (1981a) , and more recently revised by Vranešević & Melrose (2011) . It is assumed that pulsars are born in a certain region (or regions) in the spin period -period derivative (P -Ṗ ) plane, and then they move along evolutionary tracks (which depend on the magnetic field evolution model), until they finally disappear in another part of the P -Ṗ diagram. The classical pulsar current evolves according to a kinetic equation with a source term (see Vranešević & Melrose 2011 for details) . One of the main results of this technique is an estimate of a total birthrate. In addition, information about initial spin period distribution can be uncovered by this method. For example, this technique provided evidence in favour of so-called "injection" in the pulsar current at P ∼ 0.5 s (Vivekanand & Narayan 1981 , although this result has been questioned in later studies, see Vranešević & Melrose 2011) .
In this article we propose a modification to the pulsar current analysis. The main difference from the standard technique is that we look at the pulsar current along the spin-down age, τ , direction ⋆ E-mail: ignotur@gmail.com; (black arrow in Fig. 1 ) instead of the spin period axis. This approach has an advantage with respect to the standard pulsar current analysis: if the magnetic field of a neutron star rapidly decays, then the spin period grows very slowly. However, the characteristic age continues to grow. This can be used to probe field decay in neutron stars.
The problem of magnetic field decay in neutron stars is a long standing one (see an early discussion in Ostriker & Gunn 1969 and recent theoretical analysis in Geppert 2006; Cumming et al. 2004) . Different kinds of analysis have been used to probe the field evolution. Most often the population synthesis approach was used to study the whole population of radio pulsars, and controversial conclusions were reported. Bhattacharya et al. (1992) made an important claim that there is no significant field decay during pulsar lifetime. Recently, Faucher-Giguère & Kaspi (2006) also concluded that the decay is not necessary to describe the observed population of radio pulsars. Oppositely, Gonthier et al. (2002) presented arguments in favour of a decaying field. Popov et al. (2010) presented a model in which several populations of neutron stars (magnetars, cooling near-by neutron stars, and radio pulsars) have been explained within the framework of a unique model of magnetorotational evolution. However, for ordinary radio pulsars the effect of field decay is not very pronounced, and so it is difficult to un- to two values of τ . Finally, the solid arrow (corresponding to the gradient of characteristic age) illustrates the direction in which τ is growing. In our approach we study pulsar current along this direction.
cover it. Studies of Be/X-ray binaries have generally confirmed this model (Chashkina & Popov 2012) . Magnetic field decay can be highly non-uniform during the lifetime of a neutron star. Thus analysis of the field evolution over a relatively long time interval can be, in some sense, misleading. On one hand, it is very important to put constraints on the very long timescale evolution of the field. In the near future this can be done on a time scale of billions years, for example, if old isolated neutron stars accreting from the interstellar medium are discovered (Konenkov & Popov 1997; Popov & Prokhorov 2000; ). On another hand, it is useful to analyse field evolution at different -even relatively short -periods of time. In this paper we study the magnetic field evolution of normal radio pulsars with ages ∼ 10 5 -10 6 yrs. We employ our method to estimate the magnetic field decay timescale. We then test the method with samples of synthetic pulsars generated with a population synthesis code, and discuss different caveats that may be encountered during the analysis. Finally, we apply our method to large samples of known pulsars. Some preliminary results of this study have been reported by Igoshev et al. (2014) .
The article is organized as follows. In the next section we describe the main aspects of the pulsar current analysis and discuss our methodology. In Section 3 we briefly summarize basic properties of the population synthesis code which was used to generate synthetic samples of pulsars, and then we apply these samples to test our method of field decay reconstruction. After that, in Sec. 3.2, we study the influence of the source term. Our main results on field decay in observed radio pulsars are presented in Section 4. In Section 5 we discuss uncertainties of the method and, finally, present our conclusions in the last section.
MODIFIED PULSAR CURRENT ANALYSIS
As in the classical pulsar current analysis (Vivekanand & Narayan 1981; Phinney & Blandford 1981a) , we assume that the law describing the time evolution of the magnetic field is the same for all pulsars and can be written as B(t) = B0f (t), where B0 is the initial magnetic field (which can be different for each pulsar) and f (t) is the decay function, which might be interpreted as a statistical average of the real field evolution of individual pulsars. Our goal is to reconstruct f (t) from an observational sample of pulsars with measured spin period, P , and period derivative,Ṗ . Note that this approach is independent of the physical mechanism causing the magnetic field evolution. It simply provides a purely phenomenological fit to the decay function.
We begin with the following general expression for the magneto-dipole braking (Philippov et al. 2014) :
where β = (π 2 R 6 )/(Ic 3 ), I is the moment of inertia, R is the neutron star radius, B ≡ B(t) is the magnetic field strength at the magnetic pole, c is the speed of light, and χ is the angle between the magnetic axis and the spin axis. Note that B(t) is a function of time.
The values of the coefficients κ0 and κ1 determine the magnetospheric torque. The most recent 3D simulations for vacuum, force-free, and resistive magnetospheres (Philippov et al. 2014) show that these coefficients are ≈ 1 for a variety of magnetospheric models. The classical magneto-dipolar radiation formula in vacuum is recovered with κ0 = 0 and κ1 = 2/3 (Ostriker & Gunn 1969) . In this case a neutron star experiences a very rapid alignment of the rotation and magnetic axis (see, for example, Eliseeva et al. 2006) ; in contradiction with observations. Other alternatives to the magneto-dipole formula (see, for example, Gurevich et al. 1993; Beskin et al. 2013 and references therein) are also similar to Eq.(1), but with a different numerical prefactor or/and different dependence on the angle, χ. For our purposes in this paper, a particular choice of the coefficients is not important. Hereafter we assume that κ0 = κ1 = 1, and that the evolution of the angle χ is not relevant on the timescales we are interested in (this was checked in a recent study by Gullón et al. 2014) . Therefore, sin 2 χ = const, and for simplicity we assume everywhere below that sin 2 χ = 1. We treat Eq.(1) as a differential equation, and we combine its solution with the standard definition of the spin-down age: τ = P/(2Ṗ ). We then obtain:
We formally average this equation over distributions of initial periods and magnetic fields (see Appendix A for details):
where P 2 0 /(4βB 2 0 ) may be considered as an averaged initial spindown age. This value can be also understood as the median initial spin-down age: half of pulsars have their initial spin-down ages smaller than τ0.
Then we differentiate Eq. (3) by t and obtain:
In Eq. (4) 
where the value τmin corresponds to the lower boundary of the range of characteristic ages that we use in our analysis. Thus, the problem is reduced to finding a reasonable approximation to the function τ (t), from which the field evolution function f (t) can be recovered by numerical integration of Eq. (5). This can be done using the kinetic equation already used to study the P -Ṗ distribution of radio pulsars (Beskin et al. 1986; Phinney & Blandford 1981b; Deshpande et al. 1995) . Let us consider a two-dimensional space with the true age, t, as the time coordinate, and τ playing the role of the space coordinate. Let n(τ, t) be the pulsar distribution function in this space. This is the number of pulsars with spin-down age from τ to τ + dτ and true age from t to t + dt. We can write the following continuity equation for the pulsar evolution:
Here U and V are source terms describing the rates of birth and death of pulsars (latter does not necessary imply some switchingoff mechanism; old pulsars can simply become too faint or too narrow-beamed so we cannot detect them anymore). Furthermore, we assume that during a typical period of a pulsar's activity, the whole ensemble of sources is in dynamical equilibrium and therefore we may neglect the time variations of pulsar distributions and search for stationary solutions. The second (and the strongest) assumption is that both source terms can be neglected in some range of characteristic ages [τmin, τmax] (see Sec. 2.1), and here Eq. (6) simply reduces to:
Note that the distribution of spin-down ages n(τ ) can be written as:
In the limit of infinitesimal intervals and for a constant birth-rate (represented by n br ) the equation above takes the form:
Then we integrate this equation to get the cumulative distribution 1 :
If we assume that the magnetic field remains constant up to some characteristatic age τmin, we obtain τ = t + τ0 for τ < τmin. Therefore:
If τ > τmin then a statistical estimate of the true age of radio pulsars can be defined as:
If we invert this expression and substitute the result into Eq. (5) to perform numerical integration, we can reconstruct the decay function, f (t). To do this in a systematic manner, we first introduce a logarithmic grid for spin-down ages and find the cumulative distribution of τ . This is a binned distribution, which is subjected to significant fluctuations. It is useful to replace this distribution by a smoothed one applying a linear filter (sliding mean in a window). This filter is determined by the parameter rs which is the size of the window. Explicitly:
Here n ′ k is the number of pulsars in the kth bin after filtering, and n k+i -the number of pulsars in the k + ith bin before filtering.
Finally, we apply the method only in a relatively narrow range of spin-down ages [τmin, τmax] . At large values of τ , different selections effects can be important, and to get rid of them we define an upper boundary to the spin-down age. At small values of τ initial parameters of a pulsar can dominate. We assume that τ can be represented as a sum of two values: one related to evolution and another to the initial parameters. As initial parameters are unknown we use a procedure of averaging over them (see Appendix A), and select τmin in such a way as to minimize the effect of the initial parameters. Details of the choice of τmin and τmax are given in the next subsection.
Determination of τmin and τmax
The choice of these boundaries is determined by the necessity to avoid selection effects. Our method has two natural limitations, which do not allow us to apply it to very young or very old pulsars. First, we assume that pulsars are born with τ < τmin. However, in reality some objects can have initially τ > τmin, and for them we cannot distinguish between field decay and large τ0 (Igoshev & Popov 2013) . This is one of the sources of uncertainty in our approach. The second assumption is that there is no selection against older pulsars within the range. However, older pulsars are usually weaker and cannot be detected at large distances from the Sun. It leads to the leakage of aged pulsars closer to the right boundary of the range. Let us discuss both limitations in more details.
To choose the left boundary of the range we want to guarantee for most of the pulsars in a sample that τmin is larger than few×τ0 (see Eq.3). The definition of the averaged spin-down age determined by Eq. (3) includes the average initial spin-down age. While the first term in the right hand side in parentheses contains all the field evolution, the second one is just some additional constant. To estimate this term we use the following values: P0 = 0.3 s, B = 4 × 10 12 G, and β = 1.6 × 10 −39 G −2 s:
So, τ |B 0 ,P 0 ∼ τ (without additional terms) for relatively old pulsars with ages significantly larger than the one estimated above. Consequently, our method may be safely applied to pulsars with spin-down ages larger than τmin ∼ 8 × 10 4 years. To make an estimate of Eq. (14), we choose values such that according to plots in Popov & Turolla (2012) most of pulsars have P0 < 0.3 s and B0 > 4 × 10 12 G, i.e. they are born out of the range under study. To choose the right boundary of the range for the real sample (i.e., for a sample of observed pulsars) we use the following procedure to probe the leakage of aged pulsars. Weak pulsars can be hardly ever detected at large distances from the Sun. Therefore, shapes of radial distribution functions for young and old pulsars are different because it is not possible to detect weak, aged pulsars with the same efficiency at all distances, vice versa, till shapes of radial distribution functions for pulsars of different ages are similar (i.e., untill the difference can be explained by random fluctuations) the leakage of old pulsars can be neglected. We illustrate this in Fig. 2 .
It is seen that for ages 700 -10 6 yrs the radial distribution functions have similar shapes (this is also confirmed by the Kolmogorov-Smirnov test). However, pulsars with spin-down ages 4 × 10 6 -6 × 10 6 years have a radial distribution function with a significantly different shape: there are more pulsars at small distances than in younger groups. This is because some distant, aged pulsars avoid detection due to their weakness, so there is a leakage of these sources which can mimic field decay. To avoid this, we limit our sample to τ = 10 6 yrs. This value is a bit flexible and potentially can be increased, but to be conservative we prefer not to do so.
The similarity of radial distributions might be not sufficient, because even if these distributions are alike for different age groups, some other selection effects which do not influence the radial distribution can be significant. Nevertheless, this similarity is a necessary condition because any variation of the number of pulsars with age due to selection effects, mimic field evolution.
POPULATION SYNTHESIS AND TESTS
Population synthesis is a numerical method for studying large samples of evolving objects (Popov & Prokhorov 2007) . Its most popular variant (which we apply here) is based on Monte-Carlo procedures which use some initial properties and evolution laws for individual sources. Compellingly, selection effects can also be mod- Table 1 . Results of the SDA code for the synthetic models. τ d corresponds to the timescale used in the numerical model, while τ SDA and τ hist are the ones obtained by applying the SDA code and a direct fit of N (τ ). elled. As a result, we create a synthetic sample. Comparison between the observed and simulated samples can be done in order to infer properties of the population.
Tests with synthetic samples
The best approach to check the quality of our method is to use a set of synthetic samples, generated by a robust population synthesis code, with several different sets of initial conditions, with and without field decay, which can more or less successfully reproduce the real sample of radio pulsars. For this purpose we use synthetic samples calculated (and provided to us) by Gullón et al. Detailed description of their code can be found in Gullón et al. (2014) and references therein. Below, we present the most essential details related to the population synthesis code. Initial parameters of neutron stars such as period, magnetic field, position in the Galaxy, and kick velocity are randomly chosen according to some specified distributions. The distributions of initial magnetic fields (in log-scale) and periods are taken in the form of a Gaussian. The mean value and standard deviation vary depending on the model of evolution of the magnetic field (each model is fitted to reproduce the observed sample of pulsars). The considered values can be found in Table 1 . The evolution of a pulsar spin period is calculated according to Spitkovsky (2006) i.e. κ0 = κ1 = 1 in Eq.(1) The magnetic inclination angle, χ, is uniformly chosen on the sphere, so its direction is isotropic. Evolution of the magnetic field with time, B(t), characterizes each model we use (see Table 1 ). Finally, selection effects are taken into account. They determine the fraction of detectable sources among the generated pulsars. The radio luminosity depends on the spin period and its derivative. A popular form for this quantity is used (see, for example, Faucher-Giguère & Kaspi 2006):
whereṖ−15 =Ṗ /10 15 , L0 = 0.18 mJy kpc 2 and Lcorr is chosen randomly from a Gaussian distribution with zero average and σ = 0.8. The value of α can vary for different models the magnetic field evolution (see Table 1 ).
The synthetic samples are created with the following models of evolution of the magnetic field:
• Model A. No magnetic field decay: f (t) = 1.
• Models B, C, and D. Exponential decay: f (t) = exp(−t/τD).
• Model E. A realistic law of field decay based on microphysical calculations. Models A-D correspond to simplified scenarios, while the last one (E) represents a more advanced case. Model E corresponds to a realistic magneto-rotational and thermal evolution of neutron stars (see Viganò et al. 2013 and references therein) , that was found to fit well the observational data on radio pulsars (Gullón et al. 2014 ). The Galactic pulsar birth rate in Model E is ∼ 2 neutron stars per century. In this model the quadratic deviation of the atomic number in the pasta phase is taken to be Qimp = 25, as is favoured by a recent study by Viganò et al. (2013) ). Other parameters are given in Table 1 . Note, that in Models A-D, the law of field decay is unique for all pulsars. For Model E this is not the case. In this model pulsars with different initial parameters follow slightly different paths of field evolution.
The initial parameters for all models are listed in Table 1 . We use two different sets (labeled as 1 and 2) for the first four models (A-D). They are defined by log µB 0 , log σB 0 , µP 0 , σP 0 , α (see Table 1). For Model E a different set of initial parameters (that seems to fit better the observational data, see Viganò et al. 2013 ) was used.
Since the population synthesis code generates samples with pre-defined magnetic field decay law, analysis of the results and detection of errors are clear. Errors are divided into random and systematic. Former ones appear because of the discreetness of the pulsar ensemble; while the latter are due to the intrinsic limitations of the method. For each model we have generated a sample of 10000 sources. The results of our tests are presented in Table 1 and Fig. 3 .
The following notes can be made:
• The method is sensitive to the magnetic field decay: the obtained timescales systematically increase for models with slower decay (being maximal for model A).
• Derived decay timescales in the cases of models B1 and C1 are similar. The same is true for samples B2 and C2. However, the actual values of τD used to generate each sample in these pairs differ by a factor 2.
• With both methods, when we use the second set of initial parameters (A2, B2, C2, D2) the derived time scales are always smaller.
Influence of the source term
The last item of the previous subsection implies that we have some systematics which results in a more rapid decay if the initial distribution of characteristic ages is narrower. To analyse this, we perform simple calculations with a toy-model population synthesis.
We consider consequent populations of pulsars born with the same initial distributions with a time step ∆t. In Fig. 4 we plot distribution of initial characteristic ages for sets 1 (used for models A1, B1, ...) and 2 (A2, B2, ...). Note, that for the second set the distribution is narrower (data are normalized in such a way that the areas below both curves are equal, and the peak of the second set at low initial characteristic ages is compensated by larger number of pulsars with initial characteristic ages > 10 5 yrs in the first set, which is barely visible in the plot).
If there is no field decay, then the distribution of characteristic ages for a single generation of pulsars is just shifted along the age axis. So the total distribution for all generations would be formed by a number of peaks separated by ∆t, each of which corresponds to one generation of pulsars. However, the height of each peaks would be different because, in the total distribution at each characteristic age there is a contribution from younger generations. So, peaks which correspond to older generations will be systematically higher. Then the cumulative distribution of characteristic Decay function f(t)
Log true age, yrs Figure 3 . The field decay reconstruction for models A-E (from top to bottom). In each plot a solid line shows the actual decay law used to generate the synthetic sample (except the bottom plot where the solid line is an average magnetic field decay law, as there the law was not unique for all pulsars). Dashed lines correspond to the first set of initial conditions (models A1, B1, ...). Dotted lines are plotted for decay reconstruction in which the second set was used (models A2, B2,....). For model E (bottom plot) only one set of parameters have been used, so just one reconstructed curve is presented, and it is very close to the decay function used in calculations. ages is growing faster, and this function would have positive second derivative (Fig. 5) . This effect explains why we, formally, obtained a growing magnetic field for model A1 (see Fig. 3 , top plot). If the field is decaying then the situation is different. At first, peaks corresponding to different generations would not be equidistant along the axis of characteristic ages (our analysis is based on this effect). Due to field decay older generations would have enhanced characteristic ages as period derivative of pulsars is rapidly decreasing (the characteristic age grows faster than the true age if the field decays: ∆τ > ∆t).
In addition, there is another effect which we have not included into our analysis. Each peak is stretching due to decaying field, and so its height decreases (Fig. 6, middle curves) . As we show below, due to this effect in some cases we overestimate the rate of field decay. As the result of growing distances between each sequential generations, the cumulative distribution has negative second derivative (Fig. 6, bottom curves) .
Note that both effects -growing (due to contributions of younger generations) and stretching (due to field decay) of the peaks -are smaller than the effect of the growing separation between peaks because the number of pulsars with τ0 > τ0 is less than a half of the total number (see Appendix B).
RESULTS. FIELD DECAY RECONSTRUCTION
The main goal of this study is to probe the field decay of real radio pulsars. We apply our methods to large observed samples of radio pulsars to study field decay in these objects. As we need to have as large statistics as possible, as well as uniform samples, we firstly place we study sources from the ATNF catalogue (Manchester et al. 2005 ). Then we apply our method to the largest uniform subsample of the ATNF -to the Parkes Multibeam and Swinburne surveys (hereafter PMSS) (Manchester et al. 2001) . Besides the PMSS, the ATNF catalogue includes Jodrell B (Clifton & Lyne 1986 ), Green Bank Northern Hemisphere survey (Damashek et al. 1978) , Princeton-NRAO survey (Dewey et al. 1985) , Green Bank fast pulsars survey (Sayer et al. 1997) , and other data. The PMSS is a significant (major) part of the ATNF pulsar catalogue. This is the largest relatively uniform sample of radio pulsars. We exclude sources not originally detected in radio surveys (like, magnetars, near-by cooling neutron stars, etc.) Also from both samples we exclude millisecond (recycled) pulsars, pulsars in globular clusters, and in binary systems. Finally, we use only sources closer than 10 kpc from the Sun. In total, we use 1391 objects from the ATNF, and 831 from the PMSS. As before for synthetic samples (see Sec. 3) we reconstruct the magnetic field decay in the range of true (statistical) ages: 8 × 10 4 < t < 3.5 × 10 5 yrs which corresponds to characteristic ages 8 × 10 4 < τ < 10 6 yrs. Results are presented in Fig. 7 . The solid line shows the reconstruction for the PMSS data, and the dashed one for the ATNF. These two curves demonstrate very similar behaviour. The difference between them is less than 5 per cent. This supports the hypothesis that our results are weakly dependent on radio fluxes (for the selected range of characteris- tic ages and distances). In addition, we see that an increase of the number of pulsars by a factor ∼ 2 does not influence the results significantly. In Fig. 7 it can be seen visible that the field drops by a factor ∼ 2 during the studied period of evolution. If we fit the derived decay by an exponent, then we obtain: τSDA = 0.38 Myrs for the ATNF sample, and τSDA = 0.45 Myrs for the PMSS sample. Interpretation of the results is beyond the scope of the paper, but it is tempting to note that the decay timescale is similar to the Hall decay in normal radio pulsars (Aguilera et al. 2008) . Note, that we obtained f (t) just for a limited range of τ . For larger ages the rate of field decay can be different, and our results cannot be extrapolated out of the studied range.
DISCUSSION
Results of our reconstruction of the magnetic field evolution can be influenced by several effects related to the assumptions we made. In this section we briefly discuss them. In Eq. (6) we neglect both source terms. To satisfy this assumption we choose a lower boundary of the range of characteristic ages; τmin (see Sec. 2.1). This choice is based on some assumptions about the initial parameters of neutron stars. If these assumptions are not valid, then the decay function is reconstructed with some systematic error.
If the initial distribution of characteristic ages is narrow then we can overestimate the rate of field decay. In reality, distributions of P0 and B0 can be wider than we use in our calculations. The fact that for the most realistic model, E, the reconstructed curves coincide well with the one used to produce the synthetic samples suggests that this is not a source of large error for the samples of observed pulsars.
In Appendix B we consider a mathematical model which helps to demonstrate the dependence of our results on initial distributions. This dependence appears to be relatively strong for the cases when τmin ∼ τ0, and weak when τmin ≫ τ0. Note, that if τmin ∼ τ0, then errors in the reconstruction of f (t) will grow with increasing t. Therefore, as in the case of a real sample we do not know τ0 with good precision, we have an additional reason to limit the considered range of t from above by only (t ∼few×τ0).
For the first set of initial conditions (A1, B1, ...) we can estimate that τ0 ≈ 9 × 10 4 yrs ≈ τmin. For the second set (A2, B2, ...) we have τ0 ≈ 1.5 × 10 4 yrs ≈ τmin/5.5. Finally, for the model E the estimate is τ0 ≈ 5 × 10 3 yrs ≈ τmin/15. This explains why in the case of model E, the result of the field evolution reconstruction is in better agreement with the actual decay, than in the case of A1, B1, ...
When τmin ∼ τ0 the most important error in the reconstruction of f (t) is related to the underestimation of the birthrate. This underestimate results in inadequate reconstruction of t(τ ). Finally, the rate of field decay is underestimated (this is an analogue of the effect of summing up in Sec. 3.2).
If τmin ∼ 5τ0 then n br ≈ C1 (see Appendix B1 for description of the coefficients C k ), and the main influence is due to other terms with coefficients C2, C3, etc., which might give a smaller statistical age than the true age. This happens partly due to the effect that was illustrated in Sec. 3.2 as the stretching of peaks in the probability density function (PDF).
When we apply our method to observed samples (Sec. 4), we use τ0 from Eq. (14) and τmin = 8×10 4 yrs. Then τmin ∼ 3τ0, and we may overestimate the decay timescale by up to factor ≈ 2. On the other hand, in Eq. (14) we used a rather conservative estimate of P 0. This value is not well known, and if it is smaller by a factor of a few (P0 = 0.1 instead of P0 = 0.3 sec, which would be in congruence with the results of Popov & Turolla 2012) . In this case τmin ∼ 10τ0, and our estimates given in Sec.4 are robust.
Still other selection effects can influence the number of observable old pulsars. To ameliorate this we select an upper limit for the range of characteristic ages, τmax. Still, potentially our results can be influenced by several effects. Let us discuss them.
On average, radio luminosity of older pulsars can be lower, so some may not be detected. We studied this possibility by checking the cumulative distance distributions of pulsars of different ages (Fig. 2) . It seems that our choice of τmax allows us to neglect the influence of this effect.
Neutron stars are known to be rapidly moving objects due to large kick velocities they obtain at birth (Lyne & Lorimer 1994) . Older pulsars can avoid detection as they move out of the observable volume (for example, they can move out of the strip along the Galactic plane where most of the pulsar surveys are conducted). This would mimic field decay. Using numerical integration of pulsar motion in the Galactic potential we checked how many pulsars with ages ∼ 10 6 yrs can leave the volume observed by the PMSS. This fraction is about a few per cent, and we conclude that this effect cannot influence our results significantly.
It is known that older pulsars can demonstrate nulling more often than younger sources (Rankin 1986 ). Then some pulsars may not be detected in surveys due to this effect, and again this can mimic field decay. However, the number of nulling pulsars is not large. Long observational time in each pointing allows modern surveys to detect even pulsars characterized by nulling with a duration of about a few minutes (McLaughlin et al. 2003) , and we do not expect that this effect can significantly modify our conclusions.
By probing the magnetic field with P andṖ , we always deal with the effective field, as the magnetic inclination angle is not known (see Eq. 1). If the inclination angle is also evolving, then it is very difficult to separate real magnetic field evolution from the angle evolution. However, recent studies (Gullón et al. 2014) demonstrate that the angle evolution in vacuum magnetosphere does not fit the data well -most pulsars align too fast. As for plasma-filled magnetospheres the study by Gullón et al. (2014) suggests that the data can be fitted well with the assumption of non-evolving angle (however, a fit with slightly evolving χ in the case of plasma-filled magnetosphere is also possible, see their Model B1). This allows us to assume that the angle evolution can be neglected in the cases we study here.
Finally, in our approach we made an assumption of a unique law of magnetic field evolution for all neutron stars under study. Without doubt this is an oversimplification if one studies an ensemble of neutron stars. For example, extreme magnetars, or central compact objects in supernova remnants can have very different paths of magnetic field evolution. However, as we are interested only in normal radio pulsars in a particular range of ages, it seems reasonable to use in a first approximation the same law of field evolution for all sources.
CONCLUSIONS
We have proposed and developed a modification of the known pulsar current technique to reconstruct the magnetic field decay in an ensemble of radio pulsars based on spin-down age statistics.
We performed extensive numerical experiments to test our approach, and these revealed that in many cases, the deduced magnetic field decay law is robust, although obtained parameters are determined with some uncertainties.
We performed calculations for normal radio pulsars from the ATNF catalogue, and separately from the PMSS catalogue, with similar results. This demonstrates that the method is not particularly sensitive to the number of detected pulsars used in the analysis, and therefore, to the certain minimal detectable luminosity. Also it is found that the deduced magnetic field decay law could not be caused by random fluctuations or insufficient sensitivity of modern surveys.
By analysing pulsars in the ATNF, we find that in the range of characteristic ages 8 × 10 4 < τ < 10 6 yrs (which corresponds to true ages 8 × 10 4 < t < 3.5 × 10 5 yrs) the effective field decays by a factor ∼ 2. Taking into account recent results by Gullón et al. (2014) , see above, we think that it is unlikely that all this decay of the effective field can be attributed to the evolution of magnetic inclination. We thus conclude that the dipole magnetic field indeed decays.
The reconstructed decay law is averaged over the entire studied pulsar population (exact rates of field decay can be different for different subpopulations among normal radio pulsars). The time scale of this decay, when fitted with an exponent, is about 4 × 10 5 yrs, which is similar to the scale on which the Hall cascade operates in normal radio pulsars (for similar range of ages). The model with constant fields is shown to be incongruent with the data.
This rapid, nearly exponential decay effectively works -presumably -only for a relatively short period of time, and we do not expect that it is still in operation after t ∼ 10 6 yrs.
A1 Averaging
Nowadays about 1700 isolated, non-millisecond pulsars are known in our Galaxy. Every pulsar can be described by a set of parameters. This set includes magnetic field, spin period, period derivative, radio luminosity, etc. Some parameters are physically related, others are independent. The spin-down age, τ = P/(2Ṗ ), is the combination of the two most important and precisely measured parameters. Let ζ be a parameter of a pulsar (it can be a spin period, magnetic field, etc.). Then the distribution function ω(ζ) is defined as the number of pulsars in the interval from ζ to ζ + dζ. Let it be a normalized distribution function:
Averaging of some other pulsar parameter over this distribution provides an expectation value for this parameter. Individual measurements are replaced by expectation values of the same parameters everywhere in our article.
A1.1 Averaging over the initial magnetic field distribution
The initial magnetic field distribution and initial period distribution seem to be independent (Popov & Turolla 2012) . Therefore, we can average over these parameters independently. Let B0 be ζ in Eq. (A1). It is useful to use the following designation (see also Eq. 1):
Then the expression (A2) can be rewritten:
In very young neutron stars (first tens of years of their evolution), the parameter β can depend on the initial magnetic field due to star deformations (Thompson et al. 2000; Ghosh & Chakrabarty 2011 , 2009 Ostriker & Gunn 1969) . However, as we study much older objects, we can consider β to be independent of B0. We can rewrite the equation above as:
Here we assume that B(t) = B0f (t), where f (t) is a monotonic function. Thereby:
. (A5) We also assume that the decay function f (t) does not depend on the initial magnetic field (it is related to the assumption that the function is the same for all neutron stars). The distribution function is normalized (A1), and therefore, we obtain:
This is the spin down age with a small disturbance.
A1.2 Averaging over the initial spin period distribution
Averaging over the initial spin period distribution is similar to the approach described above. First, let us consider P0 as ζ. Similarly, we introduce the designation:
It is possible to write:
Again, in very young neutron stars β can be related to P0 due to deformation of a rapidly rotating object (Ostriker & Gunn 1969; Cutler et al. 2003 ). But we can neglect it as we are dealing with older neutron stars. We write:
It is assumed that the initial magnetic field and spin period are independent variables. Therefore, we can write:
And again we obtain the spin down age with a small disturbance term.
A1.3 Averaging over both distributions
Now, when Eqs. (A6) and (A10) are known, we average over both parameters simultaneously:
The result is:
APPENDIX B: ANALYTICAL DESCRIPTION OF THE ALGORITHM
In this section we use an analytical approach to describe in more detail our method of reconstruction of the decay function. This helps to demonstrate more clearly how the algorithm works without selection effects. To do this we consider several limiting cases.
B1 Distribution of initial spin-down ages
Let us define a function Ψ(τ0) as the probability density function (PDF) of initial spin down ages τ0. If the PDF of the initial periods is Θ(P0)dP0, and the PDF for the initial magnetic fields is Φ(log B0)d log B0 (in the following we use notation b = log B0), then the PDF for the initial spin down ages is:
This is a sum of probabilities for all initial magnetic fields and periods which contribute to the spin down age τ0. Let us make a substitution ξ = τ0 − P 2 0 /(4βB 2 0 ). Then we have:
Using known properties of the delta function we can simplify this equation:
We assume that Θ(P0)dP0 and Φ(B0)dB0 are Gaussians (for the magnetic field, the distribution is in a log-scale):
and
Then Eq. (B3) is expanded to:
Next we define the fraction of pulsars born in different intervals of the average initial spin-down age:
and then:
Additionally, to interpret our results for the case of large τ0, it is useful to introduce C0.5:
Further, we use two properties of these coefficients: Table B1 . Coefficients C k which describe the shape of the PDF for initial spin down ages. They are calculated numerically for Ψ(τ 0 ) in the form given in Eq. (B6) for representative values log σ B 0 = 0.5 and σ P 0 = 0.2.
0.40 0.50 0.11 0.06 0.04 0.03 0.02 
Results of numerical integration for the first eleven C k are listed in the Table B1 . It is worth noting that C0.5 is rather large.
B2 Constant field and n br
In this subsection we consider the case of constant magnetic field. Let us suppose that pulsars are born one by one with constant rate: each with a time step ∆t after the previous one (∆t can be also considered as an average expectation time for a pulsar birth). Then C1 is the fraction of the total number of pulsars in a considered sample born with characteristic ages τ0 τ 0. For this group of pulsars we can write:
For k-th group of pulsars we can write:
Therefore, we may use this natural expansion to represent N (τ ): N (τ ) = C0.5 τ − 0.5τ 0 ∆t + (C1 − C0.5) τ − τ 0 ∆t + C2 τ − 2τ 0 ∆t
We should terminate this series when the numerator is equal to zero. Each term may be split, if necessary, into the sum of several terms as was done in Eq. (B14) for the first term. It is worth mentioning that each consecutive term is smaller than the previous one. This is obvious from Eq. (B11) and inequality τ − kτ 0 < τ − (k + 1)τ 0.
As soon as we estimate the number of pulsars with the spindown age smaller than τ , we may introduce a statistical age similar to Eq. (12):
In our terminology in this example, the true birth-rate is simply n br = 1/∆t. Estimation of this quantity is one step in our method. When we perform this estimation it we fix some spin down age τmin, and request that T ′ (τmin) = τmin, see Eq. (11). Then we obtain our estimate of the birthrate:
So, in the limit τ 0 ≫ τmin we obtain that indeedñ br = 1/∆t, i.e. here our calculated value is exact. In the case when τmin ≈ τ0
(which is a bad case), we obtainñ br = 0.2/∆t. For better cases τmin ≈ 3τ0 and τmin ≈ 4τ0 , we obtainñ br = 0.37/∆t andñ br = 0.445/∆t, respectively. So, for realistic samples our estimate of a birthrate is between n br /5 ñ br n br . It is interesting to note that if we estimateñ br at τmin ≈ 3τ0, and then we restore the statistical age approximately for 5τ0, we obtain T ′ (τ ) = 1.35τ which means that t > τ and the field formally increases (we see it in the case of model A1, Fig. 3 ).
B3 Decaying field
In this subsection we consider the case of decaying magnetic field. Let us again discuss the case when pulsars are born with constant rate with separation ∆t. But intervals of spin-down age between two consecutive pulsars during their evolution are not equal anymore. To perform calculations similar to the one presented in the previous subsection, we need to introduce a new function G(τ ) = t and its inverse G −1 (t) = τ . This function allows us to transform a non-uniform grid of spin-down ages τ to a uniform grid of t. The function G −1 (t) is defined in such a way that when we substitute G −1 (t) in the place of τ (t) into Eq. (5), then we obtain the exact function f (t).
2 These functions G(τ ) and G −1 (t) are the inverse of each other, so G(G −1 (t)) = t and G −1 (G(τ )) = τ . To obtain an analogue of Eq. (B15) we need to have uniform time intervals in the numerator of this equation. To do this we apply our inverse function to τ in the numerator of Eq. (B15). This allows us to pass from a non-uniform grid of τ to a uniform grid of t (the true age does not depend on the magnetic field decay):
Let us designate the result of the application of G as t ′ k = G(τ ) − kτ 0. Then we apply G −1 to both sides of Eq. (B17):
If we substitute this τ into Eq.(5) we obtain f (t):
Basically, in the limit τ ≫ τ 0 we have t ′ k ≈ t ′ 1 andñ br = 1/∆t. Using properties of C k defined by Eq. (B10) we obtain that f (T ′ ) = f (t ′ 1 ). In the limit C1 ≈ C2 and τmin ≈ 2τ 0 we obtain f (T ′ ) = f (3t). For exponential field decay the relative error increases exponentially -f (t)/f (3t) = exp(2t/t0), -with timescale t0/2. So, in this case we obtain the decay timescale three times smaller than the actual timescale t0.
